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We demonstrate quantum control of collective spontaneous emission by fast state-dependent ge-
ometric phase patterning. In particular, by driving transition cycles in 87Rb D1 line with counter-
propagating, shaped sub-nanosecond pulse pairs, we temporally control a few-photon D2-excited
87Rb gas in its directional superradiant states, which allows one to redirect the superradiance with
high efficiency on timescales much faster than the emission time itself, and even turn off the col-
lective emission for its recall later. Accompanying the phase writing is efficient optical acceleration
of the laser-cooled gas, which is measured to corroborate with our estimation of ∼ 70% control
efficiency limited by hyperfine interaction and spontaneous decay. Substantial improvement of the
control efficiency is expected with better atomic state preparation and with shorter and more ad-
vanced pulse control techniques. Our work represents a first step toward accurate, active control of
collective optical dipoles for studying many-body dissipative dynamics of excited gases, as well as
for numerous quantum optical applications.
PACS numbers: 42.50.Fx, 42.50.Ct, 32.80.Qk, 42.50.Vk
I. INTRODUCTION
Spontaneous emission is typically a decoherence effect
to avoid when levels in small quantum systems are cho-
sen to encode information for e.g., quantum computation,
simulation, or sensing [1–4]. On the other hand, sponta-
neous emission is the process for light-matter quantum
information transfer. As “spontaneous” as it is, the in-
formation flow during the process can be controlled be-
tween long-lived matter degrees of freedom and a pre-
aligned single-mode electro-magnetic continuum [5, 6].
In particular, since the seminal work by Dicke in 1954 on
super- and subradiant effects of light emission by ensem-
bles of excited atoms [7], it is now well-known that the
spatio-temporal properties of spontaneous emission are
in principle dictated by collective properties of the atoms
themselves. For spatially extended atomic ensembles, the
timed phase correlations of the collective ”spin” excita-
tions (the spin wavevectors) can direct superradiant emis-
sion into narrow solid angles [8–11], suggesting unique
opportunities of controlling spontaneous emission for re-
alizing coherent photon-atom interfaces [12, 13]. More
recently, it has been realized that these spin wavevectors
in atomic arrays open up completely new opportunities
within quantum optics, such as to realize waveguiding of
light by the array [14–16], atomic mirrors [17, 18], highly
subradiant states [19, 20] including emergent Weyl exci-
tation [21] and topological guided edge modes [22, 23].
One major bottleneck to exploring and controlling all of
these phenomena is the absence of techniques to con-
trol the spatio-temporal properties (e.g., modify the spin
∗ yzhe16@fudan.edu.cn
wavevector) of the optical excitation, on rapid time scales
faster than the typical emission time of atoms themselves.
In this work, we demonstrate quantum control of col-
lective spontaneous emission. Using a dilute laser-cooled
atomic sample and a high-speed optical pulse shaping
technique, we demonstrate a general method to rapidly
and precisely shift the wavevectors of electric dipole col-
lective spin excitations in the time domain, resulting in
states with vastly different collective emission character-
istics. The rapid k−space shift is achieved by geometric
phase patterning of the collective spin excitation, through
cyclic driving of an auxiliary transition [12] with counter-
propagating shaped laser pulses. We use this quantum
control to re-direct the forward superradiant emission
of an initially prepared spin excitation into a different
phase-matched direction with high efficiency (∼ 70%),
and furthermore demonstrate the reversible shut-off of
the emission for its recall later. The method is readily ap-
plicable as well to gases with higher density, or to ordered
arrays of atoms with suppressed random scatterings. We
thus expect that this state-dependent phase patterning
technique contribute to the development of a new class
of quantum optical devices [12, 13, 24], and in addition
to unlock novel research opportunities for strongly inter-
acting dipolar excited gases [21–23, 25–28], by allowing
access to low-dissipation subradiant manifolds through
active optical control from the far field.
To illustrate the essential physics of the control tech-
nique, we start by discussing the collective excitation of
N 2-level atoms subjecting to a weak and short plane
wave optical pulse referred to as a probe excitation. The
resulting quantum state of the excitation can be writ-
ten in the timed-Dicke state basis [8, 29], |ψTD(kp)〉 =
S+(kp)|g1, g2, ...gN 〉 with collective excitation operator
ar
X
iv
:1
91
0.
02
28
9v
1 
 [p
hy
sic
s.a
tom
-p
h]
  5
 O
ct 
20
19
2𝜃
detection
|𝑒〉
|𝑎〉
control 
(795nm)
Ω𝑐
|𝑔〉
probe
(780nm)
Ω𝑝(𝐄𝑝)
5𝑃3/2
5𝑃1/2
5S1/2
(a)
(b)
control
probe
𝐤𝑝
𝐤𝑐
𝑥
𝑧
L
|𝑎〉
|𝑔〉
𝑣𝑟 2𝑣𝑟
3𝑣𝑟 4𝑣𝑟
(d) probe redirect turn off
(c)
Δ𝑡1 Δ𝑡2𝜏𝑝 𝜏𝑐
𝑒𝑖𝐤𝑐⋅𝒓 𝑒−𝑖𝐤𝑐⋅𝒓 𝑒𝑖𝐤𝑐⋅𝒓 𝑒−𝑖𝐤𝑐⋅𝒓
𝜏𝑑 𝜏𝑐 𝜏𝑑 Δ𝑡3
𝑒𝑖𝐤𝑝⋅𝒓
turn offprobe redirect
𝑡
recall
|Ω|
0
𝛿𝑐
0
−𝐤𝑐
𝑠/106
0.7
𝐄𝑠(𝐤𝑝)
𝐄𝑠(𝐤𝑠)Ω𝑝 Ω𝑐
Ω𝑐
Ω𝑐
Ω𝑐
𝜃
̂
0.5
𝐤𝑠
0
FIG. 1. Schematic of the experiment. (a) The basic setup. (b) The level diagram and the laser coupling scheme. (c)
Schematic timing sequence for the amplitudes of the probe and control pulse Rabi frequency |Ω| (red solid lines), and the
instantaneous detuning of the control pulse δc (blue dashed lines) from the |g〉 − |a〉 transition. (d) Top (from left to right):
Generation and control of collective spontaneous emission with probe, redirection, and turn-off operations. The |g〉 − |e〉
electric dipole spin wave is illustrated with fringes in the atomic sample. The optical control leads to momentum transfer with
vr = ~kc/m ≈ 5.8 mm/sec, m the atomic mass of 87Rb. The drawings are not to actual scales, in particular, the phase-matching
angle θ = cos−1 λp/λc ∼ 11.1◦ is exaggerated for clarity. Bottom: Bloch-sphere representation of the projected |g〉 − |a〉 state
dynamics for atom at position r. Ensemble of trajectories with different control pulse peak intensity parameter s are displayed.
The quasi-adiabatic control ensures the geometric phase writing Uc(r) = 1 + (e
2ikc·r− 1)|g〉〈g| to atom at location r insensitive
to small deviations of s from s ∼ 0.6× 106, for τcΓD1 = 0.03 in this work.
S+(kp) =
1√
N
∑
i e
ikp·ri |ei〉〈gi|, ri being the location of
the ith of the N atoms and kp the wavevector of the
spin excitation transferred from the probe light. The
spatial and temporal properties of spontaneous emission
can be calculated from the electric field operator [20]
Eˆs(r) =
k2pdeg
ε0
∑
iG(r− ri, ωp)|gi〉〈ei|, with G(r, ωp) be-
ing the free space Green’s tensor of the electric field at
the probe frequency ωp = ckp. The spatial form of the
single-photon wavefunction associated with the emission
is given by εp(r) = 〈g1, g2, ..., gN |Eˆs|ψTD(kp)〉. With
εp(r) generally being {ri}-dependent, we consider εp(r)
averaged over the possible {ri} configurations according
to the atomic density profile %(r) = 〈∑i δ3(r−ri)〉. To re-
late to this experimental work without losing generality,
we consider %(r) to be smooth, nearly spherical, and with
a characteristic radius σ  λp = 2pi/kp, in which case
the propagation of εp(r) across the %(r)-profiled dipole
source can be approximately integrated out. At location
r = {r⊥, rp} close to the sample on the “exit” side, the
field amplitude of the collective emission is given by
εp(r) =
√
~kp
8ε0
√
NσrΓ%c(r⊥)eikp·r. (1)
Here %c(r⊥) = 1N
∫
%(r)drp is a normalized column den-
sity, σr = kpαi is the resonant absorption cross-section,
and the imaginary part of the resonant polarizability
αi is related to the dipole element deg and the sin-
gle atom spontaneous emission rate Γ through ~Γαi =
2|deg|2 (While deg and Γ are directly related for two-
level atoms, this formula also generalizes to atoms with
level-degeneracy.).
Equation (1) provides both the amplitude and the
mode profile of the collective emission. For N  1 the
initial rate of photon emission into the mode is given
by i
(1)
p =
2ε0c
~ωp
∫ |εp(r)|2d2r⊥ = CN,pΓ, with CN,p =
Nσr
4
∫
%2c(r⊥)d
2r⊥ related to average optical depth along
kp as CN,p ≈ ODp/4, ODp(r⊥) = N%c(r⊥)σr and
ODp ≡
∫
OD2p(r⊥)/
∫
ODp(r⊥). The enhanced forward
emission is associated with the constructive interference
3of light emission from all the atoms in the kp direction.
We further approximate the time-dependence of εp(r, t)
(which has a spectrum of k−components) with that for
the light emission in the kp direction [30–33], and ar-
rive at the time-dependent collective spontaneous emis-
sion rate
i(1)p (t) ≈ (ODp/4)Γe−(1+ODp/4)Γt. (2)
Here, the exponential factors of e−Γt and e−ODpΓt/4 ac-
count for the (non-collective) decay into 4pi and enhanced
forward emission along kp, respectively.
We now discuss control of the collective spontaneous
emission as schematically shown in Fig. 1. With the
S+(kp) excitation and after a ∆t1 delay, an optimally
chirped control pulse with wavevector kc, duration τc,
and its retro-reflection with −kc and optical delay τd are
successively applied to rapidly drive a cyclic transition
between |g〉 and an auxiliary state |a〉 (returning back to
|g〉) in a quasi-adiabatic and intensity-insensitive man-
ner [34]. The geometric phase ϕG(r) = pi + 2kc · r deter-
mined by the optical phases of the pulses is imprinted to
|g〉 for an atom at location r, leaving state |e〉 unaffected
either due to selection rules, or by a large |e〉−|a〉 energy
difference in which case a large ωp, ωc difference would
enable background-free detection of ωp photons.
The ideal state-dependent phase patterning, achiev-
able with strong control at the limit of short τc,d, can be
formally expressed as
Uc(ϕG) =
N∏
i
[
1 + (eiϕG(ri) − 1)|gi〉〈gi|
]
. (3)
The collective spin excitation is thus shifted to |ψ′TD〉 =
Uc|ψTD(kp)〉 = S+(ks = kp − 2kc)Uc|g1, g2, ...gN 〉 for
∆t1 = 0. Similar to the forward superradiance, the
S+(ks) excitation to the phase-patterned ground-state
atoms radiates efficiently and collectively if |ks| matches
|kp|, which is achieved experimentally by adjusting kp,kc
toward an intersection angle θ = cos−1(|kc|/|kp|). With
the perfect phase matched condition, the decays of redi-
rected collective excitation along ks should follow Eq. (2)
in an analogous manner to the forward superradiance.
The state-dependent phase-patterning can be applied
multiple times. By applying Uc again after a ∆t2 delay,
we expect collective spin excitation |ψ′′TD〉 = Uc|ψ′TD〉 =
S+(k′s = kp− 4kc)U2c |g1, g2, ...gN 〉, with completely sup-
pressed collective emission since |k′s| is significantly larger
than |kp|. Here |ψ′′TD〉 would be a subradiant state with
vanishing decay rate if the atomic positions ri are prop-
erly prepared in sub-wavelength lattices [20]. In our case,
the random positioning results in emission with incoher-
ent phase (εp(r) = 0) at the single-atom decay rate Γ.
We now discuss implementation of the state-dependent
phase-patterning scheme in this work. The probe opti-
cal transition is implemented on the 87Rb 5S1/2 − 5P3/2
D2 line with transition wavelength λD2 = 780 nm, kp =
2pi/λD2 and natural linewidth of ΓD2 = 2pi × 6.07 MHz.
For isolated single atoms, the electric dipole energy de-
cays with time constant τD2 = 1/ΓD2 = 26.2 ns. The
few-photon level collective dipole excitation is induced
by a resonant nanosecond laser pulse that couples the
hyperfine ground state 5S1/2 F = 2 and excited state
5P3/2 F
′ = 3, represented by |g〉 and |e〉 in Fig. 1 respec-
tively. The auxiliary transition is implemented on the D1
line with |a〉 representing the 5P1/2 F ′ = 1, 2 levels, with
λD1 = 795 nm, kc = 2pi/λD1 and ΓD1 = 2pi × 5.75 MHz.
We choose the polarization for the probe and con-
trol lasers to be along ey and ex respectively. The Uc
operation is implemented by cyclically driving the D1
transition with the counter-propagating sub-nanosecond
chirped pulses, so as to phase-pattern the 5S1/2F = 2
atoms without perturbing the 5P3/2 level due to the
large D1-D2 transition frequency difference. Taking the
ex−direction as the quantization axis, the pi− couplings
to 5P1/2 would be with equal strengths and detunings
for all the five 5S1/2F = 2,mF Zeeman sub-levels, and
with vanishing hyperfine Raman coupling, if the 5P1/2
hyperfine splitting ∆D1,hfse = 2pi × 814.5 MHz can be
ignored. The approximation helps us to establish the
simple 2-level control picture in Fig. 1d even for the real
atom. Practically, the hyperfine dephasing effects can be
suppressed for small τc, if the optical delay τd can be
adjusted to match 2pi/∆D1,hfse ≈ 1.23 ns. In this work
the delay τd = 1.36 ns is fixed by the optical path of
a R = 200 mm concave retro-reflection mirror outside
the vacuum (Fig. 1a), and the dipole control efficiency is
correspondingly limited. This limitation can be overcome
by preparing atoms in either |mF | = 2 or mF = 0 states,
or, alternatively, by controlling the multi-level dynamics
with advanced multi-pulse control techniques [35, 36].
With the weak coherent probe, we expect phased elec-
tric dipole oscillation by all the atoms [32, 37, 38]. The
average collective excitation number is Nθ2p with θp =
1
2
∫
Ωpdt, with Ωp the Rabi frequency of the probe pulse.
Equation (2) for the single S+(kp) excitation is accord-
ingly modified to describe the Es(kp) mode emission in
the linear optics regime [10, 11, 39], with photon emission
rate ip(t) ∝ N2 as
ip(t) ≈ Nθ2p(ODp/4)ΓD2e−(1+ODp/4)ΓD2t. (4)
The non-ideal Uc control in presence of e.g. laser inten-
sity variation or imperfect pulse shaping, shall only partly
convert the S+(kp) into S
+(ks) excitation and further in-
duce sub-wavelength density modulation in %(r), thus we
expect simultaneous and Bragg-scattering coupled super-
radiant emission into both the Es(kp) and Es(ks) modes.
Practically for optical control with the focused laser beam
as in this work, we numerically find the ground state
atoms not shifted in momentum space are often associ-
ated with dynamical phase broadening, leading to sup-
pressed S+(kp) excitation and distorted sub-wavelength
density fringes. Taking into account dipole control infi-
delity and atom loss by the non-ideal Uc control, the redi-
rected superradiance into the Es(ks) mode in absence of
4efficient coupling to other decay channels is with a photon
emission rate
is(t) ≈ fdODs
ODp
ip(∆t1)e
−(1+(1−l)ODs/4)ΓD2(t−∆t1). (5)
Similar to ODp, here the average optical depth ODs
along ks decides the superradiant cooperativity of the un-
perturbed atomic sample for the Es(ks) mode emission.
The dipole control efficiency fd ∈ [0, 1] and atomic loss
factor (1− l) ∈ [0, 1] can be evaluated in the single atom
picture for dilute atomic samples, as in Appendix B. Sim-
ilar to Eq. (2), for Eqs. (4)(5) the wavefronts for Es(kp),
Es(ks) emission follows the column density of atomic
sample %p(r⊥), %s(r⊥) respectively, with Es(ks) expected
to subject to residual dynamic phase modulation due
to the imbalanced intensity by the retro-reflecting laser
beams. Equation (5) thus serves to characterize the qual-
ity of implementing Uc to control the collective sponta-
neous emission in this work.
The S+(k′s) excitation in the random atomic gas is
expected to decay with a rate close to ΓD2. Before com-
plete decay, revival of superradiant emission is expected if
a U−1c operation can be applied to the S
+(k′s) excitation.
The U−1c operation is ideally achieved by reversing the
time-order of the counter-propagating control pulses for
studying the S+(k′s) decay dynamics [40]. In this work,
U−1c is effectively implemented with a state-dependent
standing wave diffraction of atoms [41], so as to verify
the reversibility of the collective emission control.
II. EXPERIMENTAL OBSERVATIONS AND
ANALYSIS
We prepare N ∼ 104 87Rb atoms in the 5S1/2, F = 2
hyperfine level in an optical dipole trap with up to
∼ 4 × 1012/cm3 peak density and T ∼ 20 µK temper-
ature. After its release from the trap, the dipole excita-
tion is induced by a τp = 3 − 6 ns, Ip ≈ 10 mW/cm2
ey−polarized resonant D2 probe pulse. The Gaussian
probe beam has a wp ≈ 50 µm waist, which is much larger
than the 1/e radius of atomic density profile σ ≈ 7 µm,
validating the plane-wave excitation picture. Pairs of
τc = 0.9 ns, ex−polarized control pulses, shaped with
Rabi frequency Ωc(t) = Ω0 sin(pit/τc) and instantaneous
detuning δc(t) = −δ0 cos(pit/τc) (from the middle point
of the F = 2−F ′ = 1, 2 hyperfine lines), are then applied.
With ∼20 mW of peak power, peak intensity parameter
s ∼ 106 (s ≡ I/Is1 and Is1 = 4.49 mW/cm2 is the D1
transition saturation intensity) and peak Rabi frequency
Ω0 =
√
s/2ΓD1 at GHz-level are reached by focusing the
kc-control beam into a waist of w ≈ 13 µm at the atomic
sample. The retro-reflected−kc pulse is optically delayed
by τd = 1.36 ns, with slightly increased beam waist wr
and reduced Rabi frequency, possibly due to wavefront
distortion by the vacuum viewport.
Instead of monitoring the forward Es(kp) mode emis-
sion [10, 11], in this work the redirected Es(ks) mode su-
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FIG. 2. Collectively enhanced spontaneous emission under
coherent control and monitored by the redirected emission
signals. All the signals are histogramed from gated photon
counting measurements (time bin δt=256 ps), with τp = 3 ns
and τp = 6 ns for (i) − (xi) and (xii) − (xiv) respectively.
The probe is between −τp < t < 0. The control pulse is
with τc = 0.9 ns, Ω0 ≈ 2pi × 2.7 GHz, δ0 = 2pi × 3.4 GHz.
Curve (i)− (v) gives redirected superradiance with ∆t1=0.6,
4.6, 8.6, 12.6, 16.6 ns. In curve (vii)− (xi) the superradiance
redirected at ∆t1=0.6 ns is turned off at ∆t2 =16.6, 12.6, 8.6,
4.6, 0.6 ns. Curve (xii)− (xiv) demonstrate partially recalled
superradiance at ∆t3=0.6, 6.6, 14.6 ns with a standing-wave
diffraction, after the redirection at ∆t1 = 0.0 ns and turn-off
at ∆t2 = 4.6 ns. The top left inset gives the Fourier trans-
form of curve (i). All curves are integrated with Nexp = 70000
measurements, except curve (vi) which was taken in absence
of control pulses with Nexp = 30000 and increased probe
strength. The weak scattering of probe from the nearby vac-
uum window is also detected during −τp < t < 0. By avoiding
nearby optics and through optical filtering, the control light
background is completely suppressed from the signals.
perradiance is collected by a carefully aligned NA=0.04
objective and detected by a multi-mode fiber coupled sin-
gle photon counter. To enhance the measurement ac-
curacy for small signals, an optical filter at 780 nm is
inserted to block possible fluorescence photons at λc =
795 nm. To improve the signal collection rate with our
laser-cooling experiments that repeat at sub-Hertz level,
we operate multiple excitation-control-measurement cy-
cles with a single atomic sample before next loading. The
interval Trep  1/ΓD2 is chosen to ensure independence
5of each measurements. The gradual loss of interacting
atoms during the repetitions is carefully characterized
for studying number-dependent dynamics.
A. Controlled collective spontaneous emission
Our major experimental achievements in this work
can be summarized in Fig. 2, which displays time-
dependent emission of redirected superradiance into the
phase-matched Es(ks) mode, with optimized D1 con-
trols. Without the control, no discernible background
fluorescence signal can be seen, as in curve (vi) after
the Nexp measurements that integrate to obtain the his-
togramed curves. In contrast, the redirection at vari-
ous ∆t1 efficiently turns on the superradiant emission
as in curve (i) − (v), qualitatively reproducing the pre-
diction of Eq. (5). The turn-on time is approximately
1 ns, which is consistent with the τc duration of the retro-
reflected control pulse during which the ϕG-written |g〉
amplitude is restored from |a〉. The τ ≈ 18 ns decay
constant associated with Eq. (5) is studied in Sec. II B in
detail. The f ≈ 267 MHz oscillations are due to a quan-
tum beat between the D2 collective spontaneous emission
from F ′ = 3 and those from the off-resonantly excited
F ′ = 2 hyperfine levels [42]. In separate experiments we
confirm the suppressed amplitude of quantum beats with
increased τp and reduced probe pulse bandwidth.
The diffraction-limited spatial mode of the redirected
superradiance Es(ks) is verified by estimating its diver-
gent angle in the far field at 20 mrad level, which is con-
sistent with the σ ∼ 7 µm size of the coherently ex-
cited atomic sample at 780 nm, according to Eq. (1). We
expect slight distortion of the superradiant wavefront,
due to the residual dynamics phase imprinted by the
intensity-imbalanced control pulse pair, as discussed in
Appendix B. The dynamic phase is estimated at 1 rad
level across the atomic sample. To collect the redirected
emission with a single mode fiber, such wavefront distor-
tion needs to be characterized and compensated for.
We further proceed with the additional Uc control to
turn off the Es(ks) emission, by applying an additional
pair of control pulses at various ∆t2 interval to break
the |ks| = |kp| phase-matching condition. The resulting
pulsed superradiant signals (with ∆t1 = 0.6 ns) are given
in curve (vii)− (xi) of Fig. 2. Similar to previous curves,
here the ∼1 ns turn-off time reflects the gradual attenu-
ation of the |g〉 amplitude by the first part of this control
pulse pair.
With the additional ϕG-written |g〉 amplitude restored
again from |a〉 by the second pulse of the 2nd control,
we expect that a superradiance-free S+(k′s) excitation is
stored into our atomic sample. A full investigation of
such collective excitation by implementing a U−1c control
is an on-going effort with a modified setup, and will be for
a future publication [40]. Here we confirm the coherent
nature of the turn-off operation after ∆t3 delay, by ap-
plying a τKD =10 ns, detuning ∆KD = −2pi × 6 GHz,
Rabi frequency ΩKD(t) = ΩKD,M sin(pit/τKD) shaped
control pulse to form a standing-wave lattice along ez
for the F = 2 atoms in |g〉. The peak Rabi frequency is
ΩKD,M ≈ 2pi × 2 GHz. A Kapitza-Dirac diffraction [41]
leads to state-dependent sinusoidal dynamic phase mod-
ulation ϕKD(t) =
∫ t
δKD(τ) sin
2(kc · r)dτ to |g〉, with
light shift δKD(t) ≈ ΩKD(t)2/∆KD, that partially con-
verts the phased excitation associated with S+(k′s) back
to those associated with S+(ks). The conversion effi-
ciency is peaked at local-intensity-dependent time t and
we expect inhomogeneously broadened revival dynamics.
As in curve (xii) − (xiv), we observe revived superradi-
ant emission after various ∆t3 in absence of control pulse
background, with the turn-on time, amplitude, and du-
ration of the rapidly dephasing revivals agreeing quan-
titatively with accurate numerical modeling detailed in
Appendix B. The observation confirms the reversibility
of the Uc(ϕG) operation for super- and sub-radiant state
conversions.
B. Decay dynamics
The detection of redirected superradiant emission, as
in Fig. 2, is essentially background-free and enables us to
precisely study the decay dynamics of the collective ex-
citation under various conditions. As an example, here
we study the simplest case of collective decay in a di-
lute atomic gas, which is fairly accurately modeled with
Eqs. (4)(5). Experimentally, we vary the atom number N
for samples loaded into the same dipole trap with nearly
identical spatial distribution. The Es(ks) emission at
the ∆t1 = 0.2 ns delay is recorded as in Fig. 3a. The
time-dependent photon emission rate is(t), obtained by
normalizing the fluorescence counts with Nexp, counter
time-bin δt, and an overall detection quantum efficiency
Q ≈ 0.15, nicely follows exponential decay curves for the
accessed N between 2×103 and 9×103 in this work. We
extract both the peak emission rate imax,N and collective
decay rate ΓN with exponential fits, and to study both
quantities as a function of atom number N .
The cooperative nature of the collective emission is
clearly demonstrated with the imax,N ∝ N2 relation as
in Fig 3b. According to Eqs. (4)(5), the peak collective
photon emission rate is given by imax,N ≈ fdNCN,sθ2pΓD2
with CN,s = ODs/4. We experimentally estimate the av-
erage optical depth as ODs =
〈OD2s〉
〈ODs〉 , 〈...〉 as spatial aver-
age, and ODs(r⊥) the 2D resonant optical depth profile
of the atomic sample to be measured along the ks direc-
tion. In this work, since the ks direction is not accessible
by our imaging optics, we estimate ODs with ODx(y, z)
measurements (Fig. 3a insets, see Appendix A 4 for imag-
ing details.). We have ODs = ξ × ODx with ξ ≈ 0.8 to
account for the ratio of optical depth integrated along
the ks and ex directions respectively. By comparing the
quadratic fit that gives imax,s ≈ 6×10−5NΓD2ODx/4 in
Fig. 3b with Eqs (4)(5), we find θp ≈ 2×10−2 for fd = 0.7
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FIG. 3. (a) Typical time-dependent redirected superradiant
emission rate is(t) multiplied by a detection quantum effi-
ciency Q ≈ 0.15, estimated over Nexp = 13000 experiments.
The plot is on log scale. The curves are for samples with
different atom numbers, with resonant optical depth images
along ex (insets) inferred from absorption images taken at
the corresponding experimental conditions. The exponential
fit gives the peak count rate imax,N and the collective decay
rate ΓN . (b) imax,N and ΓN are plotted vs estimated atom
number N and average optical depth ODx. The error bars
represent the statistical and fit uncertainties of the data.
(See Sec. (II D)). This θp is consistent with the expected
excitation by the peak s ∼ 1, τp =5 ns probe in these
measurements [43], considering the large uncertainty in
the absolute intensity parameter estimations.
We now discuss the decay rate ΓN of the collective
emission, which is approximated in Eqs. (2)(4)(5) with
the decay of the corresponding timed Dicke state [30–
32, 44]. Similar to previous studies of forward superra-
diance [10, 11], here ΓN for the redirected superradiance
is also found to depend linearly with N , as in Fig. 3b,
which is expected since the cooperative enhancement of
directional emission shares the same underlying coupled
dipole dynamics. To make a precise comparison with the
theoretical picture, the same data in Fig. 3b is plotted
vs in situ measured average optical depth ODx. From
Fig. 2b we have ΓN/ΓD2 ≈ 1.1+0.26 ODx. Using Eq. (5)
again with ξ = ODs/ODx ≈ 0.8 and by taking into ac-
count (1 − l) ≈ 0.9 in these measurements, as discussed
in Sec. II D, we obtain ΓN ≈ (1.1+ν×(1− l)×ODs)ΓD2
with ν = 0.35± 0.1, with no freely adjustable parameter
but with an uncertainty limited by the ODs estimation
in this work. The likely discrepancy between this re-
sult and the ν = 0.25, ΓN/Γ = 1 + OD/4 prediction on
the collective decay of the timed Dicke state [30–32, 44]
can be expected, since the measured collective emission
is(t) is integrated over the σ-limited solid angle beyond
the “exact” ks = kp − 2kc phase matching condition,
while the small angle scattering of Es(ks) by the sample
itself [33] generally affects the collective emission dynam-
ics. A detailed study on the subtle effect enabled by the
background-free technique will be for a future work.
C. Optical acceleration
Accompanying the dipole control is optical acceleration
of atomic population in the phase-patterned |g〉 states
by the geometric force [45]. The momentum transfer
along the control beam with kc = kcez can be evaluated
by integrating 〈Fˆz〉 with the single-atom force operator
Fˆz = −~2∂zΩc|a〉〈g|+ h.c., as the projected atomic state
evolves on the {|g〉−|a〉} Bloch sphere (Fig. 1d). For ideal
population inversions, the integrated Berry curvature [46]
gives the exact photon recoil momentum ∆P = 2~kc with
~ the reduced Planck constant. The same effect can also
be understood as arising from the phase writing Uc(r)
to delocalized matter-waves of atoms in |g〉 [47], or, in
a full quantum picture, as due to quantized momentum
exchange between light and matter. As studied in pi-
oneering work by Metcalf and co-workers [34, 48], the
cyclic rapid adiabatic passage is a robust way to gener-
ate strong optical forces, with important applications in
laser cooling and more generally in controlling external
motion of atoms and molecules [48–50].
We measure the recoil momentum transfer ∆P by
the same D1 chirped pulse pair for the collective dipole
control. The velocity change is obtained by fitting the
central position shift in calibrated absorption images of
atomic sample, after a free-flight with Ttof = 400 µs, with
and without the control as detailed in Appendix A 3.
Keeping in mind the Doppler effects due to the accel-
eration affect negligibly the nanosecond control dynam-
ics, we repeat the control sequence 5 times to enhance
the measurement sensitivity. The period Trep = 440 ns
 1/ΓD1 is again set to ensure independent interac-
tions. In Fig. 4a the retrieved ∆P per control sequence
is plotted vs intensity parameter
√
s, for shaped pulses
with different δ0. For controls with nearly zero chirp
(δ0 = 2pi × 0.1, 1.0 GHz), ∆P displays a damped os-
cillation, which is due to optical Rabi oscillation with
broadened periodicity associated with intensity inhomo-
geneity of the focused laser. The oscillation is suppressed
at large δ0, with ∆P reaching 89(4)% of the ∼ 2~kc limit
at large s. The features of the measurements at vari-
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FIG. 4. Optical acceleration and dipole control efficiency for a single redirection control with various pulse shaping parameters.
The mean momentum shift ∆P in (a) and normalized redirected superradiance (S.E.) in (c) are plotted vs peak laser intensity
parameter
√
s for control pulses with various chirping parameters δ0. Figures. (b) and (d) are simulated momentum transfer
and dipole control efficiency fd with additional laser pulse parameters optimally estimated. The simulation also provides
acceleration and dipole control efficiency for an atom start with mF = 0 (dash lines labeled with (i) in the legends). In (a) the
“A” to “D” markers give parameters for absorption images presented in Fig. 7 in Appendix A.
ous control parameters are well reproduced by numerical
simulations, as in Fig. 4b and discussed in Sec. II D.
D. Control efficiency: calibration and optimization
To quantify the non-ideal Uc operation implemented
in the experiments, we need to properly model the dis-
sipative dynamics of collective dipoles. For this pur-
pose, we introduce the coherent dipole control efficiency,
fd = 〈tr(ρηS+(ks)S−(ks))〉η/tr(ρ0S+(ks)S−(ks)), with
ρη, ρ0 the density matrix that describes the weakly D2
excited atomic sample subjected to the non-ideal U˜c and
the ideal, instantaneous Uc control by Eq. (3) respec-
tively. Here U˜c(Ω0, δ0, η) due to the nanosecond shaped
pulse control is parametrized by Ω0, δ0, as well as addi-
tional laser intensity profile factors η1,2 for the forward
and retro-reflected pulses. The η1,2 are determined by
the location of the atoms in the Gaussian beam profiles
and fd is averaged over the intensity distribution.
Experimentally, we scan the control pulse shaping pa-
rameters
√
s ∝ Ω0 and δ0 for maximal redirected super-
radiant emission. The data in Fig. 4c are total counts of
the redirected spontaneous emission integrated over the
time-dependent signal similar to curve (i) in Fig. 2. With
consistent atomic samples the collective decay lifetime as
detailed in Sec. II B is verified to be quite insensitive to
the control quality, confirming the approximate validity
of Eq. (5) that relates fd with the measured superradi-
ant emission rate is(t) for both good and bad controls.
The data in Fig. 4c thus quite linearly reflects the collec-
tive dipole control efficiency fd and we are able to locate
optimal pulse shaping parameters Ω0 = 2pi × 2.7 GHz
and δ0 = 2pi× 3.4 GHz that maximize the superradiance
redirection by the τc = 0.9 ns chirped-sine pulses in these
experiments.
To calibrate fd, however, it is insufficient to use Eq. (5)
directly due to large uncertainties in estimating experi-
mental parameters such as θp, ODs,p and quantum effi-
ciency Q. Instead, we calibrate the control efficiency by
accurate modeling based on single-atom dynamics that
numerically reproduces the features of both the accel-
eration and superradiance measurements. In particular,
we adjust parameters in numerical simulations so as to
optimally match the simulated average momentum shift
〈∆P 〉η in Fig. 4b with experimental results in Fig. 4a.
The corresponding fd under nearly identical experimen-
tal conditions are then calculated as in Fig. 4d. The fairly
nice match between the superradiance measurements in
Fig. 4(c) and Fig. 4(d) is achieved by uniformly normal-
izing the total counts in Fig. 4(c), with no additionally
adjusted parameters. The remaining discrepancy could
be due to breakdown of the smooth %(r) assumption lead-
ing to Eq. (5) at low fd, and also deviations of actual
pulse shape from the chirped sine form, which introduces
distortion to the signals for low-fd parameter regime un-
stable against its variations. Near the optimal control
regime, the simulation suggests we have reached a collec-
tive dipole control efficiency fd ≈ 72± 4%, accompanied
with the observed fa ≡ ∆P/2~kc = 89 ± 4% accelera-
tion efficiency. Constrained by the absolute acceleration
measurements, we found this optimal fd estimation to
be quite robust in numerical modeling when small pulse
shaping imperfections are introduced.
The optimal fd is limited by mF -dependent hyperfine
phase shifts and D1+D2 spontaneous decays during the
τd + τc = 2.26 ns control. In particular, a l ∼ 10%
atom loss due to D1 spontaneous emission and 5P1/2
population trapping (particularly for |mF | = 1 states)
is expected to reduce the number of atoms participat-
ing in the D2 collective emission. With atoms prepared
in a single mF = 0 state, spontaneous emission limited
dipole control efficiency of fd = 87%, accompanied with
an acceleration efficiency fa = 97% should to be reach-
able [Figs. 4(b)(d)] with the same control pulses. Dipole
control fidelity approaching 99% is possible by further re-
ducing the τc control time with more powerful lasers and
more advanced pulse shaping techniques, as discussed in
Sec. III A.
8III. DISCUSSIONS
The fast state-dependent geometric phase patterning
demonstrated in this work is a general method to pre-
cisely control collective dipole excitation and highly di-
rectional superradiant emission in the time domain [12,
51–53]. The control is itself a single-body technique,
which can be accurately modeled for dilute atomic gases
when the competing resonant dipole couplings can be
ignored during the pulse duration. As discussed in Ap-
pendix B, we emphasize that with increased Ωc strength
and reduced τc time, it is generally possible to suppress
the effects of atom-atom interaction so as to maintain
the control precision enabled by the single-body simplic-
ity. With the geometric phase inherited from the optical
phases of the control laser beams, it is straightforward to
design ϕG beyond the linear phase used in this work and
to manipulate the collective spin excitation in complex
ways tailored by the control beam wavefronts.
In the following we discuss prospects and technical re-
quirements for controlling high-density gases beyond this
experimental work. We then briefly discuss the role of
atomic motion, and finally summarize this work.
A. Toward perfect control at short pulse limit
The state-dependent geometric phase patterning
Uc(ϕG) in this work is subjected to various imperfec-
tions. At the single-body level, the pulse shaping errors
combined with laser intensity variations lead to imper-
fect population inversions and reduced operation fidelity.
The imbalanced beam pair intensities lead to spatially
dependent residual dynamical phase writing and distor-
tion of the collective emission mode profiles. The hyper-
fine coupling of the electronically excited states may lead
to inhomogenuous phase broadening as well as hyper-
fine Raman couplings, resulting in coherence and popu-
lation losses as in this work. Finally, the spontaneous de-
cays on both the D1 control and D2 probe channels limit
the efficiency of the finite-duration pulse control. How-
ever, the imperfections of the control stemming from the
single-atom effects are generally manageable with better
quantum control techniques [36, 54–56] well-developed
in other fields, if they can be implemented in the optical
domain with reliable pulse shaping system of sufficient
precision, bandwidth and output power.
In Appendix B we take one step further and discuss
the scaling of the control error δϕ due to atom-atom
interactions in a dense atomic sample, for Uc that has
been nearly perfected for single-body control. In the
worst case scenario and with clever choice of kc di-
rection for non-isotropic samples, we suggest the con-
trol error for single photon excitation is bounded by
δϕM ∼
√
δ2N + Γ
2
N/4τc, with δN , ΓN the largest col-
lective Lamb shift [30] and collective decay rate of the
sample under consideration. Thus it is realistic to con-
sider that with a 10-fold reduction of τc + τd to 100 ps
level, the technique may be applied to scenarios as envi-
sioned in refs. [17, 18, 57] on electric dipole transitions
with high precision, with various applications envisaged
in the field of quantum optics [12, 13, 24], and to un-
lock non-trivial many-body physics of dipolar interact-
ing gases [19–23, 25–28] inaccessible with far-field linear
excitation.
For the error-resilient shaped optical pulse control, the
10-fold reduction of control time from this work needs
to be supported by a 10-fold increase of laser modula-
tion bandwidth and a 100-fold increase of laser intensity,
according to discussions in Appendix B. Starting from
the sub-nanosecond pulse shaping technique in this work
detailed in Appendix A, the improvement is technically
challenging but not formidable. To achieve precise con-
trol at even shorter time scales, the control pulses may be
generated with mode-locked lasers [49, 58–61] with orders
of magnitude enhanced peak power and pulse bandwidth.
This prospect may require further developments of pre-
cise ultra-fast pulse shaping technology with mode-locked
lasers [62].
B. Atomic motion
This work brings together two seemingly unrelated
phenomena: The control of collective dipole radiation,
and the acceleration of the free emitters. The physics
behind the picture is quantum mechanics, which requires
state-dependent acceleration during the sub-wavelength
scale electric dipole phase control. To avoid the appar-
ent acceleration of ground state atoms, the phase pat-
terning could be chosen to address instead the much less
populated state |e〉, with excited state couplings [63].
However, in either case, the state-dependent acceleration
introduces Doppler phase broadening to the controlled
dipoles, that limits the coherence time of the collective
excitation to τD ∼ lc/vk where lc is the thermal deBroglie
wavelength of the atomic sample and vk = ~k/m is the
recoil velocity associated with the S+(k) collective ex-
citation. In this work, with lc ≈ 100 nm for 87Rb at
20 µK and vk ≈ 6 mm/s, the Doppler dephasing time
τD ∼ 15 µs does not affect the observed superradiance
dynamics at the τD2 time scale. To suppress the ac-
celeration so as to maintain the phase coherence of the
long-lived subradiant excitation in future work, particu-
larly for lighter atoms with larger vk, or for narrower line
transitions with smaller Γ [39], the atoms should be con-
fined by optical lattices in the recoilless or Lamb-Dicke
regime, with the optical lattices at a ”magic wavelength”
and nullified dipole transition frequency shifts.
C. Summary
In this work we experimentally demonstrate and sys-
tematically study a state-dependent geometric phase pat-
terning technique that precisely controls collective spon-
9taneous emission on an electric dipole transition. The
work also includes a careful investigation of ΓN/Γ =
1 + OD/4 relation for the collective emission enabled
by the control technique, and a combined study of op-
tical acceleration during the dipole control. We have
provided a first theoretical analysis of this spontaneous
emission control. We expect continuation of this work on
both experimental and theoretical sides on precise con-
trol of dipolar excited high density gases, which should
have applications within quantum optics and many-body
physics. On the laser technology side, we hope this work
motivates additional developments of continuous and ul-
trafast pulse shaping methods for optimal quantum con-
trol of optical electric dipoles.
ACKNOWLEDGMENTS
We are grateful to Prof. Lei Zhou for both helpful
discussions and for kind support, to Prof. J. V. Porto
and Prof. Da-Wei Wang for helpful discussions and in-
sightful comments to the manuscript. We thank Prof.
Kai-Feng Zhao and Prof. Zheng-Hua An, for help on de-
veloping pulse shaping technology and for support from
Fudan Physics nano-fabrication center. D. E. C. ac-
knowledges support from ERC Starting Grant FOQAL,
MINECO Severo Ochoa Grant SEV-2015-0522, CERCA
Programme/Generalitat de Catalunya, Fundacio Privada
Cellex, and Plan Nacional Grant ALIQS, funded by
MCIU, AEI, and FEDER. This research is mainly sup-
ported by National Key Research Program of China un-
der Grant No. 2016YFA0302000, 2017YFA0304204, by
NSFC under Grant No. 11574053, and by Shanghai Sci-
entific Research Program under Grant No. 15ZR1403200.
Appendix A: Experimental details
1. High speed pulse shaping system
We develop a high speed pulse shaping system to gen-
erate both the sub-nanosecond D1 control pulse and
nanosecond D2 probe pulse in this work. The sys-
tem is based on fiber-based electric-optical modulation
(fEOM) of an optically amplified external cavity diode
laser (ECDL) output [64], followed by a grating based
optical filter. A simplified schematic setup is given in
Fig. 5.
For the D1 control pulse generation, the ECDL is
offset-locked to the hyperfine crossover between the F =
2 − F ′ = 1 and F = 2 − F ′ = 2 transitions of the 87Rb
D1 line. The 30 mW output of the laser is amplified by a
Tapered Amplifier (TA) to about 1.8 W. Pulsed diffrac-
tion output from an Acoustic-Optical Modulator (AOM)
is coupled into fEOM for wide-band microwave modula-
tion driven by a high-speed arbitrary waveform generator
(Keysight M8195A), referred to as microwave AWG in
the following. With AOM diffraction kept at a low duty
cycle, the average laser power coupled into fEOM is kept
below 20 mW to avoid photo-refractive damage [65].
To shape the optical pulses with microwave pulses, we
use the side-band modulation technique by encoding the
pulse shape information into amplitude A(t) ∈ [0, 1] and
phase ϕ(t) of carrier modulation with ωM angular fre-
quency. The input-output relation for the complex elec-
tric field of the optical wave can be expressed as:
Eout = e
iθ0A(t) sin(ωM t+ϕ(t))Ein
=
∑
n i
nJn(θ0A(t))e
in(ωM t+ϕ(t))Ein.
(A1)
The phase modulation depth factor θ0 is decided by the
microwave power and fEOM modulation efficiency.
The 2nd line of Eq. (A1) suggests we can simultane-
ously shape the amplitude and phase of nth-sideband
with the single fEOM modulation. We choose n = 3,
ωM = 2pi× 16 GHz, and adjust the microwave power to-
ward θ0 ≈ 4 so as to maximize the modulation efficiency
for the sideband decided by the Bessel function J3(θ0).
To suppress the unwanted sidebands, collimated fEOM
output is sent through a ∼ 13 GHz bandwidth optical
filter, which is composed of a diffraction grating (2400
lines/mm) and a single mode fiber. With the modula-
tion efficiency limited by |J3(θ0)|2 ∼ 0.18 and after all
the coupling losses, we achieve 20 mW peak power for
the n = 3 order sideband with modulation bandwidth
limited by the grating filter. Due to the large ωM , the
n = 2, 4 sidebands are less than 30% of energy for typi-
cal pulse shapes [Figs. 6(a)(c)]. The on-off power ratio is
about 400 : 1. The whole system is referred to as our D1
optical AWG.
In this work the D1 optical AWG serves to gener-
ate the sub-nanosecond chirped-sine pulses as in Fig. 1
in the main text. Distortion of the actual pulse shape
is expected due to the limited optical and microwave
bandwidth and nonlinearity of the whole modulation sys-
tem. Therefore, instead of assuming programmed pulse
shapes, we directly measure the optical waveform to con-
firm its functional form, by beating the pulsed output
with a reference CW laser which is ∆0 = 2pi × 4.6 GHz
blue-detuned from the F = 2 − F ′ = 1, 2 crossover
of the 87Rb D1 line. Typical intensity and beat note
measurements are shown in Fig. 6. The intensity mea-
surements in Figs. 6(a)(c) deviate from the sin2(pit/τc)
model programmed for the 3rd sideband, mainly be-
cause of the unwanted sidebands (mainly the n=2 and
n=4 orders) not fully suppressed by the grating fil-
ter. However, we expect the unwanted sidebands af-
fect negligibly the D1 control due to their ∼ 16 GHz
or larger detunings from the atomic resonance. The beat
note signals as in Figs. 6(b)(d) are quite well fitted by
the interference expected from the chirped-sine form as
sin(pit/τc) sin(∆0t − δ0τc sin(pit/τc)/pi + ϕ0). The fitted
δ0 that enters the discussion in this work in the main
text are generally smaller than their programmed val-
ues. In addition to the δ0 calibration, we also calibrate
the linearity of
√
s with respect to the programmed val-
ues according to the beat note measurements. An over-
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all absolute value correction factor κ multiplied to
√
s is
instead estimated by comparing simulation with experi-
mental measurements of optical acceleration, as detailed
in Appendix B 4.
Additional pulse distortion could come from possible
sub-pulses due to multiple reflections at interfaces for
the microwave and optical pulse propagation. To sup-
press electronically generated sub-pulses, care is taken
to choose microwave cables with minimal lengths in this
work. To suppress optically generated sub-pulses, the op-
tical elements following the fEOM output are chosen to
minimize unwanted retro-reflections. The absence of un-
wanted sub-pulses in the kc beam is verified for delay be-
yond 1 ns and for relative intensity beyond -40 dB, with a
multi-mode fiber coupled photon counter at nanosecond
absolute time resolution. Within one nanosecond delay,
any sub-pulse would lead to distortion of the nanosecond
pulse shape itself. However, it is difficult to tell whether
the small distortion as in Fig. 6 is indeed due to pulse
distortion, or due to finite response of our fast photo de-
tector (Thorlabs PDA8GS). By combining all the pulse
measurements with an overall setup analysis, we conclude
that any sub-pulse co-propagating with the main pulse
in our system is below 35 dB in relative intensity.
The nanosecond D2 probe pulse is generated by an-
other ECDL-fEOM setup that shares the same microwave
AWG. The D2 optical AWG system also serves to gen-
erate the cooling laser [66]. To ensure plenty of output
power, the D2 laser is modulated by the fEOM before
being amplified. This reversion of setup order introduces
extra nonlinearity by the TA, leading to imperfect sine
form of the probe pulse that is account for in our numer-
ical modeling.
2. Experimental Sequence
To produce the atomic sample in this work, up to∼ 107
atoms are loaded into a magneto-optical trap (MOT) in
less than 1 sec. Assisted by polarization gradient cooling,
up to 105 atoms are then loaded into a 1064 nm crossed
optical dipole trap at ∼0.5 mK trap depth, which are
subsequently transferred to a 840 nm dimple trap with
up to 2× 104 atoms. This system is designed for evapo-
ration of the sample to quantum degeneracy [67]. In this
work, slight evaporation in the hybrid trap produces the
∼ 20 µK atomic sample with up to 4 × 1012 cm−3 peak
density. By adjusting the power ratio of the dipole and
dimple traps, the aspect ratio of the atomic sample can
be tuned for different measurements, and are estimated
with both imaging along the x direction, and an auxiliary
z−imaging path with removed retro-reflecting mirror. In
particular, the measurement results presented in Fig. 3
are with approximate Gaussian radius of (1.1, 1.0, 0.9)×σ
with σ ≈ 8 µm along the x, y, z axis respectively. In other
measurements we have slightly elongated samples along
z and with σ ∼ 7 µm along the minor axes.
Up to Nrep =100 cycles of the probe-control sequence
fib
e
r EO
M
ECDL
O.I. O.I.TA
AOM
AWG
To atoms
Mirror
up to 20GHz
Grating
FIG. 5. Schematic layout of the sub-nanosecond OAWG. An
external cavity diode laser (ECDL) seeds a tapered ampli-
fier (TA) which is followed by an acousto-optical modula-
tor (AOM) to pulse the input of the fiber electro-optical phase
modulator (fEOM). The fEOM is driven by a microwave ar-
bitrary waveform generator (AWG). The fEOM output is
frequency-filtered by a large-area grating, by coupling the
-1st order grating diffraction to a single-mode polarization-
maintaining fiber. The fiber output is focused to the cold
atoms samples with a beam waist of w ≈ 13 µm as the con-
trol beam shown in Fig. 1a. The O.I. is for optical isolators.
are applied to the atomic sample right after its release
from the optical trap. Within each cycle, the probe
pulse with central frequency resonant to 5S1/2F = 2 −
5P3/2F
′ = 3, and then the sequence of the D1 con-
trol pulses, are applied to the atomic sample. Syn-
chronized with the probe pulse is an electronic trigger
that starts a photon-counter to record the redirected
fluorescence photons. We adjust the probe excitation
strength θp so that typical counting probability per cycle
p ∼ 0.1−0.3 is small enough to avoid counter saturation.
After each probe-control-measure cycle and a∼100 ns de-
lay, a 100 ns repumping pulse resonant to F = 1−F ′ = 2
is applied to repump atoms in F = 1 to F = 2, with effi-
ciency estimated to be better than 85%, before the next
cycle.
The repeated superradiance measurements to the same
atomic sample are accompanied by heating and loss of
atoms that contribute to reduced collective emission sig-
nals. By comparing the intensity of superradiance for
different repetition Nrep, we found the superradiant in-
tensity decreases to ∼ {30%, 80%, 95%} with Nrep =
{100, 50, 10} respectively. To find a balance between
signal-to-noise and the atom-loss errors, for most of ex-
periments in this work we only extract and average the
signals from the Nrep = 50 repetitions of measurements,
except for the density effect investigation as in Sec. II B,
where the average is limited to the first Nrep = 10 cycles.
By further repeating the Nrep-cycles Ne cold atom load-
ing times, the overall measurement repetition is given by
Nexp = NeNrep.
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FIG. 6. Intensity and beat note measurements of chirped pulses programmed with s(t) ∝ sin2(pit/τc) and δ(t) = −δ0 cos(pit/τc).
(a) Intensity measurement (red points) and sin2-model (blue line) of resonant pulse with τc = 0.9 ns. The model is for the
desired 3rd sideband of the fEOM output. The difference between the measurement and the model is mainly due to the n = 2, 4
sidebands detected by the photo-diode. (b) Beat signal (red points) and chirped-sine model fit (blue line) of the same pulse
as in (a). The reference CW laser is 4.6 GHz blue detuned. The pulse is programmed with δ0 = 0 GHz, but the fit suggests
δ0 = 2pi × 0.1 GHz, likely developed during the dispersive propagation of the pulse within the optical AWG. Similar data and
analysis are presented in (c) and (d) for a chirped pulse with duration τc = 0.9 ns, with δ0 programmed to be 2pi × 4 GHz but
δ0 = 2pi × 3.4 GHz according to the fit. The intensity measurements in (a) and (c) are averaged for 4000 times, while the beat
note signals in (b) and (d) are single-shot measurements.
3. Absorption imaging for optical acceleration
In optical acceleration measurements, we remove the
probe and repumping pulses, and repeat the control cycle
five times for good acceleration but negligible heating.
The central position of the atomic samples after a Ttof =
400 µs time of flight (TOF) is estimated with Gaussian
fit of calibrated absorption images, as detailed by the
caption of Fig. 7.
4. Resonant OD and atom number measurements
The absorption imaging setup as schematically illus-
trated in Fig. 7 not only helps us to quantify the op-
tical acceleration effect with TOF technique, but also
to directly measure the optical depth profile ODx(y, z)
and atom number N as in Sec. II B. To investigate the
ΓN/Γ = 1 + OD/4 relation, extra care was taken to ex-
tract the ODx(y, z) images from the resonant absorption
images. Here ODx(y, z) to be measured should be the
unpolarized atoms in the weak excitation limit, with in
situ %(r) distribution close to those in the quantum op-
tics experiments and for both low OD < 1 and quite
high OD ∼ 3.5. To ensure consistent %(r) distribution
to be measured, a short exposure time of 20 µs is cho-
sen. To collect sufficient counts on the camera, we use
imaging beams with quite high intensity in the range of
I0 = 1 ∼ 20 mW/cm2 and thus with a saturation param-
eter s = 0.3 ∼ 7 assuming Is = 3.05 mW/cm2 [68] for
pi transition of 5S1/2F = 2 − 5P3/2F ′ = 3. We reduce
the measurement uncertainty related to saturation effects
following techniques similar to refs. [69, 70]. In addition,
to avoid measurement uncertainty related to low local
counts for the highly absorbing samples, we calibrate the
peak OD of the in situ samples with time-of-flight (TOF)
images at reduced OD. The processes are detailed as fol-
lowing.
We start by repeated absorption imaging measure-
ments for nearly identical TOF samples with 2D trans-
mission profile T (I) = I/I0 > 75%, with incoming
I0(y, z) and transmitted I(y, z) intensities recorded on
the camera. The optical depth profile in the weak ex-
citation limit can be approximately as ODx(y, z) =
−logT (I) + (I0 − I)/Ieffs [69, 70]. Here Ieffs is an ef-
fective parameter for calibrating our saturation intensity
measurements. By globally adjusting Ieffs and thus the
(I0 − I)/Ieffs term, we obtain consistent ODx(y, z) from
all the measurements with I0 = 1 ∼ 20 mW/cm2 with
minimal variations. Notice that the radiation pressure
during the imaging process does not significantly vary
the power-broadened atomic response.
The optimally adjusted Ieffs serves to extract the
ODx(y, z) spatial profile for atomic sample immediately
after their release from the dipole trap, as in Fig. 3a
with approximately identical spatial profiles. In addition,
under the consistent atomic sample preparation condi-
tions we also measure the optical depth profile OD′x(y, z)
and total atom number after a 430 µs time-of-flight.
The time-of-flight greatly reduces the peak linear ab-
sorption for the highest OD sample here from the ex-
pected 95% ∼ 99% level down to 15% ∼ 25%, leading
to more accurate estimation of integrated OD that is
served to calibrate the in situ ODx measurements. To
account for optical pumping effects that tend to increase
the F = 2− F ′ = 3 light-atom coupling strengths, a fac-
tor of 0.85 [68] is multiplied to the extracted ODx(y, z).
We finally adjust ODx due to the imaging laser fre-
quency noise in this work by up to 30%, according to the
measured linewidth broadening of the TOF sample ab-
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FIG. 7. (a) Typical absorption images of D1 controlled atomic
samples without either D2 probe excitation or F = 1 repump-
ing pulses. After 5 repetitions of D1 control in z direction
followed by Ttof = 400 µs time of flight in free space, a 20 µs
imaging pulse (resonant to 5S1/2 F = 2−5P3/2 F ′ = 3) is
illuminated along the ex direction with the transmission pro-
file imaged onto a CCD camera. The transmission profile is
processed into 2-dimension optical depth (OD) distribution.
The three red dashed lines mark the positions for different
momentum transfer: ∆P = 0~kc(i), 2~kc(ii) and 4~kc(iii).
For images A, B, C and D, each D1 control consists a pair of
chirp pulses with calibrated peak Rabi frequency Ω0 = 0 GHz,
2pi× 0.8 GHz, 2pi× 1.9 GHz, and 2pi× 2.7 GHz and chirp pa-
rameter δ0 = 2pi × 0.1 GHz, 2pi × 0.1 GHz, 2pi × 0.1 GHz,
and 2pi×3.4 GHz, respectively. For image E, each D1 control
consists of two pairs of chirped pulses with the same parame-
ters as that for image D. The central positions of the atomic
samples can be obtained with Gaussian fits. These param-
eter combinations are also marked in Fig. 4(a) in the main
text. (b) Imaging setup for the optical acceleration measure-
ments. The setup is with aberration-free Numerical Aperture
of NA≈0.3. The absolute length scale in the image is ob-
tained by first translating the imaging beam focus along ex
onto the CCD image plane, and then along ey, with a mi-
crometer readout to calibrate the image spot displacements.
sorption spectrum, and then obtain ODs using the sam-
ple aspect ratio estimated by the auxiliary imaging optics
along ez (Sec. A 2). These last two steps introduce the
largest uncertainties into our ODs estimation. It is worth
noting that the laser noise correction tends to reduce the
ν-value in Sec. II B. We use σr = 1.59×10−9 cm2 for lin-
early polarized probe on 5S1/2, F = 2 levels to estimate
N = 1σr
∫
ODx(y, z)dydz.
Appendix B: Theoretical model
A full theoretical description of the light-atom interac-
tion in this work involves dynamics of the fairly densely
packed multi-level atoms under the D2 weak excitation
and D1 quasi-adiabatic control, with long-range interac-
tion mediated by resonant exchange of photons. The full
solution of such a multi-level, many-atom system remains
an open theoretical and numerical challenge within quan-
tum optics, which goes beyond the scope of this work. In-
stead, we focus on the weak D2 excitation and to derive
Eqs. (1),(2),(4) in the main text using the ”spin-model”
as in ref. [20] for 2-level atoms. We then discuss the
fast D1 optical control with a 3-level model by treating
atom-atom interactions as perturbations to the single-
body dynamics during the control interval, and also to
discuss Eq. (5) in the main text. We briefly discuss the
quasi-adiabatic control technique leading to Eq. (3) in-
cluding geometric and dynamic phases, and refer readers
to refs. [34, 46, 71, 72] on the control technique and its
geometric aspects. Finally we discuss the single-body
simulation of the collective dynamics that helps to quan-
tify the experimental observations in this work.
1. Collective spontaneous emission from a dilute
gas of 2-level atoms
We consider the interaction between N 2-level atoms
with resonant electro-magnetic field at wavelength λp
and frequency ωp. With transition matrix element deg,
the absorption cross-section is given by σr = kpαi with
αi = 2|deg|2/Γ, Γ the linewidth of the |e〉−|g〉 transition.
The atomic ensemble follows an average spatial density
distribution %(r) = 〈∑i δ(r − ri)〉 that is assumed to be
nearly spherical and smooth, in particular, %(r) does not
vary substantially on length scales other than those close
to its characteristic radius σ  λp. We further restrict
our discussion to intermediate sample with σ  cτ , with
c the speed of light and τ the shortest time-scale of in-
terest. The transmission of a plane-wave resonant probe
beam at the exit of the atomic sample, in the r = {r⊥, rp}
coordinate, follows the Beer-Lambert law with transmis-
sion T (r⊥) = e−OD(r⊥). The 2D optical depth distribu-
tion is given by OD = N%c(r⊥)σr, %c(r⊥) = 1N
∫
%(r)drp
the normalized column density as in the main text.
To describe both the collective dipole dynamics and
its collective radiation, we regard the small atomic sam-
ple as system and free-space optical modes as reser-
voir. The electric-dipole interaction can be effectively
described by the many-atom density matrix ρ, after the
photon degrees of freedom being eliminated by the stan-
dard Wigner-Weiskopft procedure. Following the gen-
eral approach [20] the density matrix ρ obeys the mas-
ter equation ρ˙ = 1i~ (Heffρ − ρH†eff) +Lc [ρ], where Lc
is the ”population recycling” super-operator associated
with random quantum jumps in the stochastic wavefunc-
tion picture. Here we focus on the effective Hamiltonian
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Heff that governs the deterministic evolution of states
and observables. The non-Hermitian effective Hamilto-
nian can be expressed as
Heff =
∑
i
Hia + VˆDD,eff (B1)
with single atom Hamiltonian Hia for atom at location ri,
and effective dipole-dipole interaction operator VˆDD,eff =∑
i,j Vˆ
i,j
DD that sums over the pairwise resonant dipole
interaction
Vˆ i,jDD =
k2p
ε0
d∗egG(ri − rj , ωp)degσ+i σ−j . (B2)
Here σ+i = |ei〉〈gi|, σ−i = (σ+i )† are the raising and low-
ering operators for the ith atom. The G(r, ωp) is the
free-space Green’s tensor of the electric field obeying
∇×∇×G(r, ωp) + k2pG(r, ωp) = δ3(r). (B3)
With the spin model description of the atomic dipole
degrees of freedom, spontaneous emission from the
atomic ensemble to free space is conveniently associated
with the electric field operator:
Eˆs(r) =
k2p
ε0
N∑
i
G(r− ri, ωp)degσ−i . (B4)
Instead of generally discussing evolution of atomic
states in the N−spin space governed by Heff , in
the following we discuss two specific states related
to this work, the timed-Dicke state |ψTD(kp)〉 =
S+(kp)|g1, g2, ..., gN 〉, and weakly excited coherent state
|ψ(θp,kp)〉 =
∏N
i=1
(|gi〉+ θpeikp·ri |ei〉) with θp  1,
keeping in mind that observables composed of collective
linear operators in the two cases are intrinsically related.
We first consider the field amplitude of the sponta-
neously emitted photons. For |ψ〉 = |ψTD(kp)〉, we have
as in main text εp(r) = 〈g1, g2, ..., gN |Eˆs(r))|ψTD(kp)〉 =
k2pdeg
ε0
√
N
∑N
i G(r − ri, ωp)eikp·ri . With the
{ri}−configuration average, we have,
εp(r) =
k2pdeg
ε0
√
N
∫
G(r− r′, ωp)eikp·r′%(r′)d3r′. (B5)
The evaluation of Eq. (B5) is aided by the fact that εp(r)
is the solution to∇×∇×εp(r)+k2pεp(r) = k
2
pdeg
ε0
√
N
%(r)eikp·r
with average wave-vector kp and with a slowly vary-
ing envelope (SVE). For deg perpendicular to the kp
direction, a simplification automatically satisfied by the
|ψTD(kp)〉 plane-wave excitation, we end up with expres-
sion εp(r) in Eq. (1) in the main text under SVE approx-
imation and further by ignoring transverse wave disper-
sion within the nearly spherical atomic sample (Raman-
Nath approximation). The approximations have a frac-
tional error on the order of λp/σ.
In the r = {r⊥, rp} coordinate Eq. (1) provides the
wavefront εp(r⊥, 0) if we consider atomic sample distri-
bution within −βσ < rp < 0, with β = O(1)  σ/λp.
εp(r⊥, 0) thus not only describes the average electric field
amplitude at rp = 0, but also the mode profile of the
collective spontaneous emission in the forward direction
with rp > 0.
During a {ri}-specific measurement, the initial rate
of photon emission into the “configuration-averaged”
εp(r) mode is evaluated on the r = {r⊥, rp = 0}
plane by considering the total emitted light energy into
the mode divided by ~ωp. For the single-excitation
|ψTD(kp)〉 state, the mode projection leads to i(1)p =
2ε0c
~ωp |
∫
εp
∗(r)εp(r)d2r⊥|2/
∫ |εp(r)|2d2r⊥, with εp(r) =
εp(r) + δεp for the particular {ri} configuration. As
the contribution from the configuration-dependent fluc-
tuation δεp scales with 1/
√
N , for N  1 we have
i
(1)
p =
2ε0c
~ωp
∫ |εp(r)|2d2r⊥ ≈ ODpΓ/4 during a single
measurement.
On the other hand, by defining the classical field
amplitude associated with the coherent state εp(r) =
〈ψ(θp,kp)|Eˆs(r))|ψ(θp,kp)〉, the derivation of the field
amplitude for |ψ〉 = |ψ(θp,kp)〉 is very similar to the
timed-Dicke states, with identical expressions for εp(r)
and εp(r) other than an additional factor
√
Nθp. Dif-
ferent from |ψ〉 = |ψTD〉 where the phase of the photon
emission is fundamentally random, for |ψ〉 = |ψ(θp,kp)〉
the collective radiation is phased according to the electric
dipole coherence.
We now discuss time-dependence of collective sponta-
neous emission described by Eq. (2) and then by Eq. (4)
in the main text. The topic is related to collective Lamb
shift in a dilute atomic gas, an important and quite sub-
tle effect well studied in previous work [30, 73, 74]. In
order to apply the general theoretical predictions to this
work, we explore the spin model [20] to revisit the de-
cay part of the problem, for the quite dense and small
samples here.
We consider free gas evolution with Heff =
VˆDD,eff and time-dependent field amplitude εp(r, t) =
〈g1, g2, ..., gN |Eˆs(r, t))|ψTD(kp)〉, for |r − ri|  λp and
with Eˆs(r, t) evolving according to Heisenberg-Langevin
equation
˙ˆ
Es =
1
i~ (EˆsVˆDD,eff − Vˆ†DD,effEˆs) +fˆ . With
the Langevin force fˆ being averaged to zero, for |ψ〉 =
|ψTD(kp)〉 we have
ε˙p(r, t) = −i〈g1, g2, ..., gN |Eˆs(r, t))VˆDD,eff |ψTD(kp)〉.
(B6)
To evaluate Eq. (B6), we insert the orthogonal
timed-Dicke basis {|ψTD(kp)〉, |ψ1(kp)〉, ..., |ψN−1(kp)〉}
as in ref. [30] into the equation. Here |ψn(kp)〉 =
S+n (kp)|g1, ..., gN 〉 are single-excitation collective states
with S+n (kp) =
∑
i cn,iσ
+
i , n = 1, ..., N − 1 and with cn,i
properly chosen to ensure the basis orthogonality [30].
We further define the far-field emission amplitudes as-
sociated with the N − 1 |ψn(kp)〉 states as εn(r, t) =
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〈g1, g2, ..., gN |Eˆs(r, t))|ψn(kp〉. We have,
ε˙p(r, t) = −iVDD(kp,kp)εp(r, t)+
− i∑n VDD(n,kp)εn(r, t), (B7)
with VDD(kp,kp) = 〈ψTD(kp)|VˆDD,eff |ψTD(kp)〉 and sim-
ilarly VDD(n,kp) = 〈ψn(kp)|VˆDD,eff |ψTD(kp)〉. The 2nd
line of Eq. (B7) includes random and collective cou-
plings between the kp superradiant excitation and other
super- and sub-radiant modes [76], a fact associated with
|ψTD(kp)〉 not being the eigenstate of VˆDD,eff [30, 73, 77].
The VDD(kp,kp) ∝
∑
i,j G(ri − rj , ωp)eikp·(ri−rj) fac-
tor in the first line of Eq. (B7) is carefully evaluated as
following: For i = j we have divergent G(0+, ωp) whose
real part accounts for single-atom Lamb shift and is ab-
sorbed into a redefinition of ωp, with imaginary part
equal to Γ/2 for isolated 2-level atoms. The i 6= j
part is evaluated after the {ri}−configuration average
as V ′ =
k2p|deg|2
ε0N
∫ ∫
G(r − r′)%(r)%(r′)eikp·(r−r′)d3rd3r′.
Following the same Green’s function trick to arrive at
Eq. (1), we rewrite the integration into the form of
V ′ ∝ ∫ εp(r)%(r) to have
V ′ ≈ σrΓ4Ni
∫
d2r⊥
∫
drp
∫ rp dr′p%(r⊥, r′p)%(r⊥, rp),
= − i8ODpΓ
(B8)
with ODp = Nσr
∫
%c(r⊥)2d2r⊥ as in the main text. We
finally have
VDD(kp,kp) ≈ − i
2
(1 +
ODp
4
)Γ. (B9)
To obtain the simple expression of V ′ in Eq. (B8) and
VDD(kp,kp) in Eq. (B9), the SVE and Raman-Nath ap-
proximations are applied to evaluate εp inside the sample.
The approximations lead to fractional error of order λp/σ
or higher. The corrections of these errors are associated
with density dependent corrections to Eq. (B9) including
the collective Lamb shifts [30].
We come back to Eq. (B7). For the smooth den-
sity distribution at moderate densities under consider-
ation, the inter-mode couplings VDD(n,kp) are gener-
ally expected to be quite weak and {ri}−specific. For
the {ri}−averaged fields, at an observation location ro
in the far field along the kp direction, the couplings
can be completely ignored initially, as it is clear (with
G(ro−ri, ωp) ∝ ei(kpro−kp·ri)4piro ) that εn(ro, t) = 0 for all the
spatial distribution of collective excitations except the
εp(ro, 0) which is associated with
∫
%(r)e−ikp·rd3r [75].
We consider εp = εp + δεp, εn = εn + δεn, VDD =
VDD + δVDD, and apply the {ri}-configuration average
to Eq. (B7). By ignoring the εn terms, we obtain the
initial decay of εp(ro, t) as
ε˙p(ro, t) ≈ −iVDD(kp,kp)εp(ro, t) +O(〈δV δε〉). (B10)
Equations (B9)(B10) suggest superradiant decay of
directional spontaneous emission power at the ΓN =
(1 + ODp/4)Γ rate on the exact forward (kp) direc-
tion, for atomic samples at moderate densities (N <
k3pσ
3). Apart from predicting the decay rate of the far-
field emission, it is worth pointing out that the ΓN =
2Im〈ψTD(kp)|Heff |ψTD(kp)〉 associated with Eq. (B9) is
also applicable to the decay of |ψTD(kp)〉 population in
the Schro¨dinger picture [10, 11, 30–32, 73, 74, 77], and
by energy conservation the initial rate of photon emis-
sion into 4pi. In this work we further approximately
identify this decay rate with that for the observable
ip(t) ∝
∫
d2r⊥|εp(r⊥, t)|2, leading to Eq. (2) in the main
text for the collective emission. It is important to note
that for εn in Eq. (B7) associated with collective emission
near the forward directions (close to kp), the VDD(n,kp)
couplings can also be collective, and may strongly affect
εp(r, t) at r along similar directions. Such couplings are
just small angle diffraction by the averaged sample pro-
file, that generally lead to reshaped emission wavefronts
εp(r, t) over time, and, as a consequence, deviation of
ip(t) decay rate from that for the |ψTD(kp)〉 population.
The last term in Eq. (B10) is associated with granularity
of the atomic distribution, and we also expect that such
granularity cannot be ignored for very high densities, or
for systems with broken symmetry such as in a lattice.
In future work, it would be interesting to understand
better the effect of discreteness on collective interactions,
and in addition to investigate further the corrections due
to the intermode coupling in Eq. (B7) and the possible
deviation from the dynamics of Eq. (2).
We now discuss the case of coherent state in-
put with |ψ〉 = |ψ(θp,kp)〉. Consider εp(ro, t) =
〈ψ(θp,kp)|Eˆs(ro, t))|ψ(θp,kp)〉, again for ro in the far
field from the sample along the kp direction. With
θp  1, we make the replacement of σzj (t) with −1 in
the Heisenberg-Langevin equation, and define βi(t) =
〈σ−i (t)〉. The resulting coupled dipole model for βi(t)
is again rewritten into the form of Eq. (B7) with εp(ro, t)
and auxiliary n = 1, ..., N−1 orthogonal mode expansion.
With nearly zero initial values for the auxiliary modes,
we again ignore the associated couplings for the initial
dynamics so as to reach Eq. (B10). Finally we again ap-
proximate the decay rate of ip(t) with that for the strictly
forward superradiant emission |ε(ro, t)|2. Combined with
ip(0) = Nθ
2
pODp/4, we thus reach Eq. (4) in the main
text. Finally, the discussions of Eq. (5) in the main text
is in light of intuition cast by Eq. (B7).
We remark that in all the discussions in this work, the
replacement |deg|2 = ~Γαi/2 is general and applicable
to transitions with level degeneracy. Thus we expect the
conclusions for Eqs. (1)(2)(4)(5) in the main text appli-
cable to the D2 line of 87Rb atom in this work.
2. Geometric control of collective dipole excitation,
a 3-level model
We now turn to 3-level model to describe geometric
control of collective dipole excitation and thus collec-
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tive spontaneous emission. With the additional auxiliary
state |a〉, the resonant dipole interaction in Eq. (B1) is
modified as
Vˆ i,jDD =
k2p
ε0
d∗egG(ri − rj , ωp)degσ+i σ−j +
k2c
ε0
d∗agG(ri − rj , ωc)dagσ+c,iσ−c,j ,
(B11)
with σ+c,i = |ai〉〈gi| and σ−c,i = (σ+c,i)†. We refer the first
and second line as V ijDD,eg and V
ij
DD,ag respectively.
With |e〉 decoupled from the control interaction, the
single atom Hamiltonian
Hia = ~∆|ai〉〈ai|+
~
2
(
η(ri)Ωc(t)e
−iϕc(ri,t)σ+c,i + h.c
)
(B12)
governs the control dynamics in the |g〉 − |a〉 sub-
space. The time-dependent Rabi frequency η(ri)Ωc(t) =
|Ec(ri, t) · dae|/~ is driven by the control laser with a
Gaussian beam intensity profile, with Ωc(t) the peak
value and η(ri) ≤ 1 a position dependent factor. The
control phase ϕc(r, t) is written in the rotating frame
detuned from the |g〉 − |a〉 transition by ∆. The goal
is to design Ωc(t), ϕc(ri, t) so that any quantum state
of many atoms governed by the master equation asso-
ciated with Eq. (B1) undergoes state-dependent phase-
patterning as in Eq. (3) in the main text, and therefore
U ic(ϕG) = 1 + (e
iϕG(ri) − 1)|gi〉〈gi| for all the N atoms.
To implement the geometric phase patterning, we con-
sider multiple pulse control as in this work with Ωc(t) and
ϕc(ri, t) split into n smooth sections arriving at t = tn.
For a single pulse n, we consider ϕ˙c,n(ri, t) = δc,n(t− tn).
By redefining |ai〉 with e−i
∫ t∑
n δc,n(t
′−tn)dt′ phase fac-
tor, Eq. (B12) can be rewritten in the new rotating frame
as
Hia =
~
2
∑
n
(
∆ + δc,n(t− tn)
)
(1ˆg,a + σ
z
c,i)+(
ηn(ri)Ωc,n(t− tn)e−iϕn(ri)σ+c,i + h.c
)
,
(B13)
with 1ˆg,a = |ai〉〈ai|+ |gi〉〈gi| and σzc,i = |ai〉〈ai|− |gi〉〈gi|.
Exploring the SU(2) symmetry in Eq. (B13), it is
straightforward to achieve U ic(ϕG), in absence of dipole-
dipole interaction or spontaneous emission, by succes-
sively applying two nearly identical |g〉 − |a〉 inversion
pulses with δc,1 = δc,2, Ωc,1 = Ωc,2 but with different op-
tical phase ϕ1,2(r). In particular, we consider the state
evolution |ψi(t)〉 with |ψi(0)〉 = |gi〉 subjected to n = 1, 2
population inversion pulses, each with a τc duration, and
with t1 = 0 and t2 = τd. The “return amplitude” of
cyclic evolution fg = 〈gi|ψi(τc + τd)〉 = |fg|e−iϕ(ri) is
characterized by ϕ(ri) = ϕD+ϕG including dynamic ϕD
and geometric ϕG phases. For an ideal pair of popula-
tion inversion pulses, |fg| = 1, and the SU(2) symmetry
suggests
ϕG(ri) = pi + ϕ1(ri)− ϕ2(ri) (B14)
determined by the optical phase difference between the
otherwise nearly identical pulse pair. The ϕG is vi-
sualized on the Bloch sphere (Fig. 1 in main text) as
half the solid angle spanned by the cyclic state trajec-
tory. With the 2-level symmetry, the dynamic phase
ϕD =
( ∫ τd
0
dt +
∫ τd+τc
τd
dt
)〈ψi(t)|Hia|ψi(t)〉 for the per-
fect inversions can be expressed as:
ϕD(ri) =
∫ τd
0
(
∆ + δc(t)
)
dt+∫ τc
0
〈ψi(t)|(h1 − h2)|ψi(t)〉dt, (B15)
with h1,2 given by the n = 1, 2 terms in the summation
of Eq. (B13) excluding the 1ˆg,a part respectively.
To arrive at both Eqs. (B14)(B15), we assume η1 ≈ η2
and |ψi(τd < t < 2τd)〉 approximately follows |ψi(0 <
t < τd)〉 on the Bloch sphere up to a rotation. Any
spatial-dependent ϕD,a(ri) is nullified if the two inversion
pulses are with identical strength so that η1 = η2. The
additional, spacially independent phase ϕD,d =
∫ τd
0
(
∆+
δc(t)
)
dt is usually harmless for ensemble control of 2-level
atoms. Here for the |g〉−|e〉 dipole control, however, ϕD,s
needs to be tuned to 2pi-multiples, particularly if multiple
choices of ∆ exist for the |g〉−|a〉 transition, such as those
due to hyperfine splitting in this work.
To achieve ∆ and η(ri) independent population inver-
sion, the simplest choice is a quasi-adiabatic pulse. With
Ωc = Ω0 sin(pit/τc) and δc = −δ0 cos(pit/τc), stability of
near unity inversion efficiency against ∆ and η has been
studied in detail in the context of nuclear magnetic reso-
nance [78], molecular spectroscopy [79], and matter-wave
accelerations [34, 71]. Efficient and error-resilient inver-
sion is achievable with (Ω0, δ0) close in magnitude and
for
∫
Ωcdt beyond 3pi, as in this work.
We now perturbatively estimate the influence of
resonant-dipole interaction by Eq. (B11) to the geometric
phase patterning of collective dipole excitation. For sim-
plicity we only consider the timed Dicke state |ψ(0)〉 =
|ψTD(kp)〉. With the retro-reflected traveling wave pulses
and ϕG(ri) = pi + 2kc · ri, a perfect single atom op-
eration leads to |ψ(τc + τd)〉 = Uc(ϕG)|ψTD(kp)〉 =
ei2kc·ri |ψTD(kp − 2kc)〉 in absence of V i,jDD. Error asso-
ciated with the resonant dipole interaction can be esti-
mated with either incoherent phase error δϕi =
√
δϕ2,
or the collective phase error δϕN =
√
Nδϕ2, with
δϕ2e =
∑
i
∣∣∑
j
∫ τc+τd
0
〈ψ(t)|V ijDD,eg|ψ(t)〉dt
∣∣2,
δϕ2a =
∑
i
∣∣∑
j
∫ τc+τd
0
〈ψ(t)|V ijDD,ag|ψ(t)〉dt
∣∣2 (B16)
for contribution from the V ijDD,eg and V
ij
DD,ag interaction
respectively. The error is evaluated with the unperturbed
|ψ(t)〉 evolving according to the single-body Hc1, Hc2
control. The perturbative treatment is valid for δϕ 1,
which is generally achievable with increased (Ω0, δ0) and
reduced τd + τc control interval.
We consider the “worst case scenario” where con-
trol errors due to all the pairwise interactions add up
coherently to perturb the collective control dynamics,
with overall error characterized by δϕN . We also con-
sider the shortest possible duration τc + τd = 2τc. In
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light of the fact that the collective error is associated
with collective interaction, it is straightforward to have
δϕN,e ∼ τc
√〈δN,eg〉2 + 〈ΓN,eg〉2/4, that scales with the
largest collective Lamb shift δN,eg and decay rate ΓN,eg
of the singly excited gas [20, 30]. With the |g〉− |a〉 pop-
ulation inversions and phase imprinting, δN,eg and ΓN,eg
reduce substantially during the control. The symbol 〈...〉
averages over the instantaneous values, leading to at least
a factor of 50% reduction to the collective part of δϕN,e.
Resonant dipole interaction on the strongly driven
|g〉 − |a〉 transition is much stronger than on the weakly
excited |g〉 − |e〉 transition. Accordingly, δϕN,a ∼
Nτc
√〈δN,ag〉2 + 〈ΓN,ag〉2/4 can be much larger. How-
ever, in contrast to δϕN,e, it is not appropriate to di-
rectly associate δϕN,a with control error since the collec-
tive radiation addresses the same |g〉 − |a〉 transition as
the “very strong” control Ωc. In fact, during the con-
trol the collective dipole radiation amounts to absorbing
and reshaping the Ωc(r, t)e
−iϕ(r,t) control pulse, and the
adverse effects can be largely suppressed by the quasi-
adiabatic technique insensitive to the pulse shape for
population inversions [80]. The collective radiation thus
impacts the phase patterning operation as a collective dy-
namic phase shift according to Eq. (B15), which can be
quite uniform across the atomic sample and do not con-
tribute to the actual collective dipole control error. With
a concrete study of the open system coherent control for
future work [81], we conclude this section by suggest-
ing that the control error due to resonant dipole interac-
tions depends on details of atomic position arrangements,
and could be bounded by δϕM ∼ max(δϕN,e, δϕi,a) with
careful choice of Ωc, ϕG to avoid substantially distortion
of the shape-optimized control pulses by the atoms, or
simply by implementing the control instead on excited
state transitions [63] in which case δϕa becomes much
less important.
3. Single atom model for the experiment
To model the experiments with a dilute gas of moder-
ate OD and further with ΓD2(τc+τd) < 0.1 in this work,
we simplify Eq. (B1) by absorbing the imaginary parts of
Vˆ jjDD into H
j
a and then ignore the rest of resonant dipole
interactions. This leads to effective Hamiltonian
H ′eff =
N∑
j=1
(
Hja − i
ΓD2
2
|ej〉〈ej | − iΓD1
2
|aj〉〈aj |
)
. (B17)
Here Hja is according to Eq. (B12). By ignoring atom-
atom interaction during the τc + τd interval, the numer-
ical modeling of the control dynamics is expected to be
accurate at ΓD2(τc + τd)〈OD〉/4 ∼ 3% level for evaluat-
ing the collective dipoles, according to discussions in the
last sections. Here we expect 〈OD〉 < 0.5 ODp due to
the |g〉−|a〉 population inversion and inhomogenuous dy-
namic phase writing that substantially reduce the optical
depth seen by the kp or ks radiation during the control
of the nearly spherical sample.
With the simplified Hamiltonian in Eq. (B17) that ig-
nores atom-atom interaction, we are now free to choose
ri for notation convenience, in particular, we change
the basis for single atom wavefunction into k−space,
with |g,k〉 = 1√
N
∑
i e
ik·ri |gi〉 and similarly for |e,k〉
and |a,k〉, by adjusting ri to ensure the orthogonal-
ity of the k− state basis of interest. In addition,
we expand the level structure to that of the 87Rb D1
and D2 line, and use {g, e, a} as indices to label the
{5S1/2, 5P3/2, 5P1/2} hyperfine levels respectively. We
end up with Heff =
∑
H
(s)
eff composed of single-atom
Hamiltonian in k−space, with
H
(s)
eff = Hp +Hc1 +Hc2,
Hp =
∑
g,k ∆g|g,k〉〈g,k|+∑
e,k(∆e − iΓD2/2)|e,k〉〈e,k|+∑
a,k(∆a − iΓD1/2)|a,k〉〈a,k|+∑
g,e,k
(
1
2Ωp(t+ τp)c
y
eg|e,k+ kp〉〈g,k|+ h.c.
)
,
Hc1 =
∑
a,k δc(t− t1)|a,k〉〈a,k|+∑
g,a,k
(
1
2η1Ωc1(t− t1)cxag|a,k+ kc〉〈g,k|+ h.c.
)
,
Hc2 =
∑
a,k δc(t− t2)|a,k〉〈a,k|+∑
g,a,k
(
1
2η2Ωc2(t− t2)cxag|a,k− kc〉〈g,k|+ h.c.
)
.
(B18)
Here to be specific we consider a probe excitation during
−τp < t < 0, followed by two control pulses (Hc1,Hc2)
during t1 = ∆t1 and t2 = ∆t1 + τd as in Fig. 1 in the
main text to make the Uc phase-patterning control. The
cxag,c
y
eg are combinations of Clebsch-Gorden coefficients
to characterize the D1 and D2 transitions driven by the
x− and y− polarized control and probe lasers respec-
tively. We also introduce η1,2 factors similar to those in
Eq. (B12) to account for laser intensity inhomogenuities.
Clearly, Equation (B18) can also be interpreted as be-
ing written in momentum space with quantized atomic
wavefunction, without kinetic energy terms. Indeed, the
atomic motion within the sub-nanosecond control in this
work can be ignored, and we adapt this wavefunction in-
terpretation when using the same equations to calculate
both dipole control and optical acceleration.
To write down the single-atom master equation, we
introduce six “effective” collapse operators
CˆjD1 =
∑
a,g,k
√
ΓD1c
j
ag|g,k〉〈a,k|.
CˆjD2 =
∑
e,g,k
√
ΓD2c
j
eg|g,k〉〈e,k+ kp|
(B19)
with “j” running through “x”,“y” and “z” polariza-
tions. The collapse operators are associated with quan-
tum jumps and spontaneous emission. we effectively set
the recoil k−shifts in simple ways to minimize the calcu-
lation complexity, without affecting the D2 dipole coher-
ence and the D1 optical force under study.
We are now able to write down the master equation
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for the single-atom density matrix ρ(s) as
ρ˙(s)(t) = 1i (H
(s)
eff ρ
(s) − ρ(s)H(s)†eff )+∑
j(Cˆ
j
D1ρ
(s)Cˆj†D1 + Cˆ
j
D2ρˆCˆ
j†
D2).
(B20)
With ρ(s)(t) it is straightforward to calculate the
interaction-free evolution of many-atom density matrix
ρ(t) = (ρ(s)(t))⊗N and to evaluate collective observables
〈Oˆ〉 = tr(ρ(t)Oˆ). It is important to point out that the
simple single-body method is incapable of describing ini-
tially entangled states such as timed-Dicke states. How-
ever, as in quantum optics, as long as the observables
to be evaluated are only composed of linear dipole oper-
ators, their dynamics during the interaction-free evolu-
tion should be captured by dynamics of weakly excited
coherent states.
We further simplify Eq. (B18) by restricting the mo-
mentum basis according to situation of our experi-
ments. In particular, we set the initial condition ρ(s) =
1
5
∑5
g=1 |g,k〉〈g,k| with |g〉 running through the |F =
2,mF 〉 Zeeman sublevels. The k states are coupled to
k + kp and k ± nkc states via the probe and control
interactions. By ignoring atomic motion, we only con-
sider a single k−class as illustrated by the “momentum
lattices” in Fig. 8 which also highlight the structure of
the couplings according to Eqs. (B18)(B19)(B20). We
restrict the accessible momentum states with |n| < 6 for
the numerical calculations. The truncation is validated
by numerically monitoring the high-n states and by ver-
ifying the consistent results with larger n− cutoffs.
With experimental imperfections encoded in paramters
like η1,2 in Eq. (B18), we refer the numerically evalu-
ated single-atom density matrix according to Eq. (B20)
as ρ
(s)
η (t). For comparison, the perfect geometric phase
patterning is implemented by replacing the evolution
by Hc1 + Hc2 in Eq. (B18) with instantaneous Uc =
1−∑g |g,k〉〈g,k|+∑g |g, k+2kc〉〈g,k|, leading to “per-
fectly controlled” density matrix ρ
(s)
0 (t) for t > 0.
With ρ
(s)
η (t) we evaluate the dipole coherence
〈d(ks)〉 = tr
(
ρ
(s)
η (t)d(ks)
)
for the weakly and coher-
ently excited gas, with coherence operator d(ks) =
ey
∑
g,e c
y
eg|g,k + 2kc〉〈e,k + kp|. The collective co-
herence in the main text is related to 〈d(ks)〉 as
〈S−(ks)〉 ∝ N〈d(ks)〉, and furthermore we approximate
〈S+(ks)S−(ks)〉 ≈ |〈S−(ks)〉|2 for N  1. We thus
in addition evaluate is,η(t) = N
2|tr(ρ(s)η (t)d(ks))|2 and
similarly is,0(t) = N
2|tr(ρ(s)0 (t)d(ks))|2 for redirected su-
perradiance under perfect control.
4. The fd and fa estimation
We relate the experimental observable is(t) with
ensemble-averaged is,η(t) as 〈is,η〉η, and calculate col-
lective dipole control efficiency as fd = 〈is,η(τc +
τd)〉η/is,0(0). The ensemble average of emission inten-
sity, instead of field amplitude, is in light of fact that we
|𝑎, 𝐤〉 |𝑎, 𝐤 + 𝐤𝑐〉 |𝑎, 𝐤 + 2𝐤𝑐〉 |𝑎, 𝐤 + 3𝐤𝑐〉|𝑎, 𝐤 − 𝐤𝑐〉|𝑎, 𝐤 − 2𝐤𝑐〉
|𝑔, 𝐤〉 |𝑔, 𝐤 + 𝐤𝑐〉 |𝑔, 𝐤 + 2𝐤𝑐〉 |𝑔, 𝐤 + 3𝐤𝑐〉|𝑔, 𝐤 − 𝐤𝑐〉|𝑔, 𝐤 − 2𝐤𝑐〉
. . .. . .
Ω𝑐1
Ω𝑐2
Γ𝐷1
Γ𝐷2
Ω𝑝
|𝑒, 𝐤 + 𝐤𝑝〉
FIG. 8. “Momentum lattice” structure for probe
excitation and Uc control simulations according to
Eqs. (B18)(B19)(B20). Dash arrows represent the “ef-
fective” quantum jump operations associated with Eq. (B19).
The double-sided arrows represent the coherent laser cou-
plings. The coherence between the wavily underlined lattice
sites |e,k + kp〉 and |g,k + 2kc〉 is associated with the
redirected superradiant emission.
experimentally collect is(t) with a multi-mode fiber, and
the signal is(t) is insensitive to slight distortion of the
Es-mode profile by the dynamic phase writing according
to Eq. (B15) due to the imbalanced η1,2.
The simulation of optical acceleration by the D1 con-
trol pulses follows the same Eqs. (B18)(B20), but without
the probe excitation and with atomic levels restricted to
the D1 line only. We evaluate the momentum transfer
as ∆Pη = ~kc
(∑
g,n 2n〈g,k+2nkc|ρ(s)η (t)|g,k+2nkc〉+∑
a,n(2n+ 1)〈a,k+ (2n+ 1)kc|ρ(s)η (t)|a,k+ (2n+ 1)kc〉
)
for t = τc + τd. We then compare the ensemble-averaged
acceleration efficiency fa = 〈∆Pη〉η/(2~kc) with the ex-
perimental measurements.
The η1,2 average in both calculations is according to
spatial distribution of control laser beam intensity pro-
file seen by the atomic sample. As the final results are
quite insensitive to distribution details, we assume both
the laser beam and the atomic sample with gaussian pro-
files, with waists w = 13 µm and σ = 7 µm by fitting the
imaging measurements and with optics simulations. We
adjust the retro-reflected beam waist wr and the intensity
factor η2 ∝ 1/wr accordingly in the simulation, together
with an overall intensity calibration factor κ multiplied to
the s parameter from the beat-note measurements (Ap-
pendix A). The ensemble averaged fa is compared with
experimentally measured ∆P/2~kc, and we adjust κ,wr
to globally match the single-atom simulation with all the
measurement results for optical acceleration as in Fig. 4.
We then estimate both fa,fd as discussed in Sec. II D.
5. Superradiance suppression and recall
To further simulate the experimental sequence (Fig. 1),
it is straightforward to add the 2nd phase-patterning
control Uc(ϕG) and the “recall” control U
−1
c (ϕG), by
adding corresponding pulsed interactions to the Hamil-
tonian Eq. (B18). We then calculate 〈|d(k)|2〉 =
〈|tr(ρ(s)η (t)d(k))|2〉η associated with collective dipole ex-
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FIG. 9. Simulation of collective dipole dynamics for typical
experimental sequences leading to Fig. (2) measurements in
the main text. The collective dipole intensity represented by
〈|d(k, t)|2〉 are evaluated according to Eq. (B20) with opti-
mally estimated experimental parameters. Figure (a) is ac-
cording to Eq. (B18) with a τp = 3 ns D2 probe excitation fol-
lowed by a Uc(ϕG) control composed of two chirped D1 pulses
with τc = 0.9 ns and τd = 1.36 ns at ∆t1 = 0 ns. The forward
kp and redirected ks = kp − 2kc dipole intensity are plotted
with dashed and solid lines respectively. Additional dynamics
of a second Uc operation at ∆t2 = 4.6 ns is plotted in Fig. (b),
where the dash-dotted line corresponds to k′s = kp−4kc exci-
tation. In Fig. (c) we consider τp = 6 ns probe excitation fol-
lowed by two Uc operations, and in addition a “recall” opera-
tion with a τKD = 10 ns Kaptiza-Dirac pulse at ∆t3 = 10.8 ns,
modeled with Eq. (B21) with ∆KD = −2pi× 6 GHz and peak
ΩKD,M = 2pi × 2 GHz. The revival of the ks dipole compo-
nent after the ∆t3 recall matches well with the experimentally
observed is(t) dynamics in Fig. 2.
citation with k = {kp,ks = kp − 2kc,k′s = kp − 4kc} for
the forward, redirected, and “subradiantly stored” col-
lective radiation respectively. In according with the ex-
perimental settings here, we again follow the “intensity
average” instead of “amplitude average” for ensemble av-
erage of collective dipoles.
At the experimental side, implementation of the 2nd
Uc operation is straightforward by applying a 2nd shaped
pulse to the atoms, which is automatically followed by
the retro-reflected pulse after the τd optical delay. The
implementation of U−1c operation is however limited by
the τd = 1.36 ns delay line. With modified implementa-
tion of U−1c operation for a future paper, in this work we
resorted to a Kapitza-Dirac diffraction [41], with interac-
tion written in k−space as
HKD =
∑
a,k ∆KD(t− tr)|a,k〉〈a,k|+∑
g,a,k(
1
2η1ΩKD(t− tr)cxag|a,k− kc〉〈g,k|+ h.c.)+∑
g,a,k(
1
2η2ΩKD(t− tr − td)cxag|a,k+ kc〉〈g,k|+ h.c.).
(B21)
Here tr = ∆t1 + ∆t2 + ∆t3 + 2(τc + τd) is the proper de-
lay according to Fig. 1 for the approximately sine-shaped
recall pulse ΩKD(t) = ΩKD,M sin(pit/τKD). With the du-
ration τKD = 10 ns  td = 1.36 ns, the optical delay by
the retro-reflecting mirror can be ignored and the light
field forms a standingwave with amplitude following ΩKD
in time. The detuning of the standingwave to the D1 line
is set as a constant ∆KD during the same τKD duration.
To interpret Eq. (B21) with the momentum lattice pic-
ture in Fig. 8, the standingwave couples k to k±kc that
can be coherently continued across the lattices to large
n. Correspondingly, in the simulation we make a higher
cutoff of |n| < 20 for reliable simulations.
With the simulation parameters optimally matching
the experiments, we not only reproduce features of ex-
perimental observable is(t) ∝ 〈|d(ks)|2〉, but also unveil
time-dependent dynamics for the un-monitored forward
emission 〈|d(kp)|2〉 and the “subradiently stored” or the
superradiance-free excitation 〈|d(k′s)|2〉. Typical results
are given in Fig. 9.
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